This paper attempts to explain the decrease and reversal of the education gap between males and females. Given a continuum of agents, the education decisions are modelled as an assignment game with endogenous types. In the …rst stage agents choose their education level and in the second they participate in the labor and marriage markets. Competition among potential matches ensures that the e¢ cient education levels can always be sustained in equilibrium, but there may be ine¢ cient equilibria. Combining asymmetries intrinsic to the modelled markets the model reproduces the observed education gap.
Introduction
In countries like the U.S., Colombia and Brazil, women have closed the education gap in college education and even surpassed men in college attainment, reversing the historical attainment advantage enjoyed by the latter. This paper proposes an explanation for the decrease and reversal of the education gap. Education has returns in the two main markets young adults participate in: labor and marriage market. In the labor market education enhances productivity and thus generates higher returns via the wage rate. In the marriage market, if spousal attributes are complementary, people marry with a like education partner and thus education is a vehicle to match with a better type. This paper highlights the importance of the search for a spouse in the education decisions of both sides of the market 1 .
The education decisions are modelled as a continuous assignment game with endogenous types that can be described in two stages. The …rst stage is noncooperative: agents observe their education costs and simultaneously choose education investments. The returns to players are a¤ected by the (equilibrium) investment choices of other agents. In the cooperative second stage agents match, produce 'household good'and work. Assuming transferable utility, spouses bargain over the fraction of the household surplus each appropriates. Higher investments in education generate an improved set of potential matches and a higher share of the surplus. The result of the model is a set of matched agents, a split of the surplus and a distribution of education across agents.
The decrease and eventual reversal of the education gap is explained by introducing asymmetries intrinsic to the modelled markets that a¤ect the marginal bene…t of education. Namely, the observed evolution of the gender (marginal) wage gap in the labor market and the relative abundance of females in the marriage market. Hence, the model generates asymmetric education decisions from sets of agents with identical cost distributions.
Two very recent papers are very close in spirit to this one. Chiappori, Iyigun and Weiss (2006) propose an alternative and complementary explanation to the reversal of the education gap. They develop a model with pre-marital schooling investment, marriage and labor markets where agents allocate their time between home and market production. They propose two sources of additional incentives for women to educate. Women may overtake men in schooling as a means to escape labor market discrimination because it is lower at high education levels. In addition, since females' household time obligations have declined over time, their marriage-market returns have also increased. The main di¤erences between the Chiappori et al. (2006) and this paper are that while they have two 2 possible education levels we have a continuum. Despite combining both labor and marriage market incentives, the proposed explanations are di¤erent and complementary. Iyigun and Walsh (2006) embed pre-marital investments and spousal matching into a collective household model. In a purely marriage market setting, a corollary to their results is that when men are in short supply, women choose higher pre-marital investments. The main di¤erence with this paper is that they do not model the labor market. Therefore, even though they suggest the same channel of incentives for females, by not including labor market incentives, they do not address the observed decrease of the education gap.
The classical paper in the marriage market literature belongs to Becker (1973) .
Several models endogenize investment levels in a matching environment. Cole, Mailath and Postlewaite (CMP 2001a, 2001b) solve the hold-up problem by endogenizing investment speci…city and introducing competition among agents for complementary investments. The model predicts the existence of multiple equilibria, and the ex-ante e¢ cient levels of investment can always be attained given the optimal bargaining rule 2 . Peters and Siow (2002) develop a model where parents invest in their children's wealth and spousal wealth is a public good in marriage. The authors …nd that when the marriage market is large the competitive equilibrium is e¢ cient.
Other authors have attempted to explain some aspect of the education attainment ratio (see for example, Ríos-Rull and Sánchez, 2002 and Echevarría and Merlo, 1999) . These papers use the household decision, that is, have parents determine investment levels in their children's attributes. We model the problem from the individual's perspective. Since young adults own the college education decision so long as education costs are appropriately modelled, this seems a better approach.
The contribution of the paper is to combine the labor and marriage market models and introduce asymmetries, natural to the modelled markets, to reproduce behavior of education attainment. The additional incentives for women to educate come from their relative abundance and its implications for marriage market prospects. There 2 This paper is similar to the continuum version of CMP for the special case of continuous best response functions. CMP deal with potentially discontinuous best response functions, since lack of coordinations can yield attribute distributions that imply such best replies. However, equilibria with continuous best response functions are a subset of the latter. are alternative and complementary sources for increased incentives for women to educate, that have not been developed in the literature. For example, given a world where divorce rates have increased signi…cantly and the probability of remarrying is greater for men, if women are more risk averse -there is evidence for this from the experimental economics literature (for a survey see Croson and Gneezy, 2004 )-then they insure more than men against the risk of divorce by educating further.
The rest of the paper is organized as follows. The next section presents some stylized facts and a motivating example is worked out in Section 3. Section 4 develops the model, characterizes the equilibria, its e¢ ciency and comparative statics results.
Section 5 concludes. Technical proofs are appendicized and intuitive arguments are provided in-text.
Stylized Facts
Women have been consistently investing more in education than men, to the extent that they have reversed the historical schooling attainment advantage enjoyed by the latter. Until the late 1970's the ratio of college attainment of men to women, that is, the ratio of the number of men to women with completed University education, was around 1.6 in the U.S. (Ríos-Rull and Sánchez, 2002) . However, the education ratio experienced a dramatic decline and females overtook men in college education: Goldin et al. (2006) show that women have attained higher college graduation rates starting in the 1970 cohort. This trend is not speci…c to developed countries since a similar situation is observed in several Latin American countries, including Brazil and Colombia. To motivate the discussion facts for Colombia will be presented for two reasons. First, the reversal of the education gap has been documented in developing countries like the U.S. but less so for developing ones. Second, because the changes in education gender attainment are qualitatively similar to what has been observed in other countries 3 . Figure ( (Blau and Khan, 2004) . A similar behavior is observed in developing countries. The thick solid line in Figure 1 shows the decrease in the wage gap in Colombia for agents with education of college or more: from over 2 in the early 80's to under 1.3 in 2005. Males are still paid higher level wages than females at any education level. De…ne the marginal wage rate as the di¤erence in 3 An exercise that could be done is to repeat the stylized facts for other developed and developing countries, to get an idea of how the labor and marriage market incentives interact, and how much heterogeneity there is. 4 Colombian calculations based on the September shift of the National Household Survey (NHS), signi…cant for the 7 main cities. Calculations were also made for the percentage of males over percentage of females with university education and the qualitative results are the same. 5 Calculations were also made for the conditional wage gap, that is, controlling for variables such as occupation. Despite the controls, qualitatively the results are very similar. mean wage between agents with less than college and those with completed college or more, which measures the additional earnings associated to completing college education. The grey line in Figure 1 is the marginal wage gap, i.e. the ratio between male and female college premiums. Marginal incentives move very closely to the observed change in the wage gap. Not only do women face lower wage levels, but also lower marginal wages 6 . Labor market incentives suggest that men should be more educated since education appears to be less fruitful for women. This makes the relative female over-education even more surprising.
This paper includes the marriage market as an additional source of incentives to agents. How much does marriage matter in the agents college choices? Ge (2006) …nds that marriage plays a signi…cant role in a female's college choice in the US, for a sample of high school white females from the National Longitudinal Survey of Youth 1979. When excluding the bene…ts from marriage the model's predicted college graduation drops 6 percentage points, from 38% to 32%.
The inclusion of the marriage market analysis aims at capturing two main e¤ects: assortative matching across education levels and the e¤ect of the relative scarcity of men. People do not marry randomly. Fernández, Guner and Knowles (2001) use household surveys from 34 countries to calculate the degree of correlation of spouses' education (marital sorting). They …nd that the average Pearson correlation between spousal education for the sample is 0.610, with a standard deviation of 0.106. Table   6 Dougherty (2005) suggests that the rate of return to schooling appears to be greater for females than for males in the U.S., in spite of the existence of both a conditional and unconditional wage gap. This contradicts the …ndings presented for Colombia of a wage gap increasing in education levels. Other countries where returns to post-secondary education are higher for men than for women, especially after the 25th percentile, include the Netherlands and Sweden (see for example Albrecht, Björklund, Vroman, 2003 and Albrecht, Van Vuuren and Vroman, 2006 (1) describes the education attainment of married females by the education attainment of their spouses in Colombia in 2003. Assortative mating within education classes is large since we observe that a the majority of matches fall along the main diagonal; the correlation coe¢ cient between spousal education is 0.63.
Females face tougher competition than males in the marriage market. Factors a¤ecting genders in a (potentially) di¤erent way such as death rates, imprisonment rates, immigration patterns or sexual orientation generate a relative scarcity of males in the marriage market. To measure the relative abundance of females we calculate the ratio between the fraction of matched males over fraction of matched females.
Colombia data shows that for people between 20 and 65 years of age, this ratio was on average 1.15 for the 1979-2005 period, with a standard deviation of 0.02 and for agents between 25 and 40 years of age the …gure is 1.07 with the same standard deviation. That is, 15% and 7% more males are matched than females, respectively.
This generates increased competition and additional incentives for women to educate.
Summarizing, decreasing wage di¤erentials and marginal wage gap suggest that still today men have more incentives to educate. The marriage market is introduced to model the e¤ects assortative matching and the latent additional incentive for women to educate given that men are in short supply. It is the interaction of labor and marriage market incentives is necessary to reproduce the puzzling decrease and reversal of the College attainment ratio.
Motivating Example
Let us motivate the model What is the e¤ect of a having more females than males? All potential matches will be made, starting with the lowest cost females, until there are no more available males; some high cost females will be left unmatched. The relative abundance of females is measured as the ratio of matched males over matched females:
with e c f being the cost of the 'last'matched female. An increase in is equivalent to an increase of the ratio of females to males.
A matching is a rule associating a female to her mate. Given uniform cost functions, the matching is a straight line:
E¢ ciency requires that for each c f and c m , education choices must solve:
M ax
;'
The second order condition is satis…ed and we have an interior maximum:
The ratio of education attainment of men to women is '(cm) (cf)
then '(c f ) (cf) = 1 and both sides of the market are equally educated. However, when > 1 for a given c f , '(c f ) (cf) < 1 and females are more educated than their respective matches, even for the lowest-cost pair. Conversely, if < 1 , '(c f ) (cf) > 1 and males are more educated. This simple example illustrates the subtle point that in the marriage market an asymmetric gender composition of the population generates, through the matching, di¤erent levels of education investments between men and women.
Model
The education decisions are modelled as an assignment game with endogenous types.
In the …rst stage agent's education investments are determined while in the second agents match and split the surplus.
Let In the second stage agents are identi…ed by their publicly observable education level: In the labor market they face wage schedules w = hw f (x); w m (y)i ; such that w is C 2 and increasing. Let us assume that in equilibrium all workers are employed and that there is a marginal wage gap, as observed in the data: w 0 m (y) w 0 f (x) 8
x = y. This will be exploited in the comparative statics exercises (Proposition 9).
A married couple, female x and male y, generates divisible output (x; y).
7 There could potentially be asymmetries in costs distributions across genders as well as in the relative size of males and females, but to better understand the e¤ect of changes in the composition of the population we leave C f = C m . is C 2 , symmetric, strictly increasing and strictly supermodular (SPM) @ 2 (x;y) @x@y > 0:
We normalize: (x; 0) = (0; y) = (x; ?) = (?; y) = 0 8x; y; where ? means no match: Home production captures the quantity and quality of children, and the enjoyment of each other's company.
The total surplus of an (x; y) couple is given by the home production and labor market outcomes of spouses: s (x; y) = (x; y) + w m (y) + w f (x): Therefore, for a single agent the total surplus equals the wage rate. Marriage is individually rational.
Let and w f , w m be such that s is strictly concave in x; y.
Second Stage
Being a two stage game, it is solved by backward induction. Assume that the …rst stage decision rules ; ' are C 1 and strictly monotone decreasing (which we later prove in Proposition 5). This, together with education cost distributions that admit a density, imply that the resulting education cumulative distributions G m ; G f of men and women, respectively, admit a density g m ; g f . Stage 2 is an assignment game where the scare resource, i.e. highly educated agents, are allocated to maximize total social surplus. An outcome is a set of matched pairs and a split of the surplus.
A matching is a function : [0; x] ! [0; y] [ f;g, that associates to an x woman the education level of her mate y = (x) where is one-to-one on 1 (M ) and ; is interpreted as no match. A couple who are not matched under , but who prefer each other to their assignments, can block the matching since by rematching and sharing the resulting surplus, they are strictly better o¤.
A matching in education levels is feasible if:
Let fs (x; y) v f (x)g (3) When choosing spousal education level agents balance two opposing e¤ects take place in this maximization: a higher education spouse implies higher joint surplus but also appropriates a higher share of the surplus. The split of surplus re ‡ects what agents are willing to o¤er for di¤erent spouses: given complementarity, s xy > 0, a low type male will always be outbid by a high type one for a female with high education level. Thus, competition generates mutually acceptable matches and an association of likes (Proposition 3).
An equilibrium in the second stage, taking the education decisions as given, is a matching and a split of the surplus.
De…nition 1 For given …rst stage choices a matching equilibrium is a pair ( ; v)
such that:
1. The matching is feasible (Condition 1).
The outcome is stable (Condition 2).
Studying the Social Planner's problem (SP) is interesting since in this stage the …rst and second welfare theorems obtain (Proposition 2). Given ; '; the SP chooses the e¢ cient matching to maximize social welfare and, due to input complementarity, the assignment is positively assortative. If females are relatively more abundant, some will be unmatched. Let e x denote the education level of the 'last'matched female and as will be shown in Proposition 3 feasibility of the matching can be restated as shown in the constraint set.
If the mass of females exceeds that of males, provided that all possible pairs are matched, low education women are left unmatched 10 .
Gretsky, Ostroy and Zame (1992) -GOZ-prove that the SP's problem can be decentralized and hence equilibrium matchings are e¢ cient. The associated matching pattern is equivalent to the existence of a stable bargaining outcome.
Proposition 2 (GOZ, 1992) Given G f ; G m , the Social Planner's problem can be decentralized: the …rst and second welfare theorems obtain.
Let us characterize the matching equilibrium. Given Proposition 2, as long as the education distributions admit a density, there is an increasing, continuously di¤erentiable and unique e¢ cient matching.
Proposition 3 Given G f ; G m :
1. is increasing:
2. The matching is unique and C 1 :
10 This implication of the frictionless model does not …t well what we observe in the data: single women have di¤erent levels of education, and many of them are highly educated. If frictions were introduced in the marriage market, we would obtain a statistical version of this result, i.e. highly educated women are more likely to marry.
Existence of a stable split of the surplus between spouses is immediate from Proposition 2. Proposition 4 characterizes the stable bargaining outcome, and shows that it induces e¢ cient education levels since agents internalize the returns to their investments.
Proposition 4 For given G f ; G m : 1. For any stable bargaining outcome, v is strictly increasing and C 2 :
2. v m is strictly concave. v f is strictly concave if the following condition holds 11 :
First Stage
Let us now turn to the determination of education choice functions and '. Recall that agents sample an education cost from distributions C f ; C m that admit a density and choose the education level to maximize the (net) payo¤:
From Proposition 4 v f ; v m are strictly increasing and di¤erentiable and so we can characterize the solution to the agent's problem.
Proposition 5 Given C f ; C m :
1. and ' are continuous, di¤erentiable and strictly decreasing:
2. V f ; V m are continuous and strictly concave: Results from Proposition 5 in turn ensure that the required conditions for Proposition 4 are met: given that ; ' are strictly monotone and C 1 ; v is C 2 .
An equilibrium in the game are education choice functions and a split of surplus such that a single player's education decision is a best response given the other players'choices. Education distributions, in turn, are consistent with a stable outcome and a feasible matching.
De…nition 6 Given C f ; C m , an education equilibrium is an array ( ; '; ; v) such that:
1. Agents maximize the net payo¤ 12 (Condition 7). ; v) is a matching equilibrium. If men are in short supply, some women will be unmatched. Let e c f denote the education cost of the 'last' matched female. Let c f ; c m be the cost densities. A feasible matching in education costs is given by:
(
As will be apparent from Proposition 7, this implies:
The SP's problem is then:
For given C f ; C m that admit a density, e¢ ciency requires that the e¢ cient matching and education choice functions ; ' maximize net social welfare S. Again, given SPM of S; the e¢ cient matching implies PAM 13 (Proposition 7).
We …nd that a one-to-one frictionless matching market with an ex-ante investment stage generates e¢ cient investments despite the (potential) hold-up problem and investment externalities due to the complementarity assumptions. However, as in CMP, ine¢ cient equilibria may exist as well due to a coordination failure: the absence in the other side of the market of agents with attributes that would induce the e¢ cient education levels.
Proposition 7 Given C f ; C m :
1. There exists a unique solution to the Social Planner's problem ( ; ' ; ). The e¢ cient matching implies PAM.
2. An e¢ cient education equilibrium exists.
3. If s i (1; 1) > 1; i = 1; 2; there may be an ine¢ cient over-investment equilibria where all agents choose the maximum level of education.
There is a unique solution to the SP's problem and the Theorem of the Maximum under convexity assumptions characterizes the solutions. The …rst order conditions for both the Social Planner's and the individual's problem are shown to be equivalent 14 ; the SP's solutions are a subset of the decentralized equilibria and hence the set of decentralized equilibria is non-empty.
We now turn to comparative statics results. We introduce two asymmetries, decreasing marginal wage gap and relative abundance of females in the marriage market, and study their e¤ect on the marginal return of education. The interaction between the two asymmetries theoretically replicates the decrease and reversal of the education gap.
First, let's formalize the way in which the marginal wage gap a¤ects the education decisions of agents. The stylized facts suggest that the marginal wage for males is higher than for females. In the model, a higher marginal wage implies higher marginal return to an education level and therefore a man would choose higher education levels than a woman of the same education cost (Lemma 8). In the absence of other asymmetries labor market incentives, captured through a higher marginal wage for males, translates directly into an education gap favoring men. ?
A more challenging exercise has to do with changes in the relative abundance of agents and the e¤ect on payo¤s. The motivating example shows in a simple setting that as the ratio of females to males increases, so do incentives for females to educate through the matching. When thinking about the problem in terms of the decentralized solution, an initial intuition suggests that an increase in the relative abundance of women translates into a set of matched females described by a truncated female education distribution G f . Given PAM, the highest education woman matches with the top education man, and so on, until there are no more men to match with. The truncation would happen at the point where the mass of matched males equals the mass of females. However, the actual e¤ect is more complex because education decisions, and hence education distributions, are equilibrium objects and thus changes in the relative abundance of females a¤ect them. Education decisions ; ' determine the matching ; once matched, agents bargain over the split of surplus v which in turn determines the education decisions ; '.
To disentangle the feedback e¤ects described above and simplify the comparative statics let the relative abundance of women be a proportional increase in the number of females: there are 2 R females per male for each education cost, with 1.
This de…nition is convenient because the education cost distributions remain equal between genders. Thus, results regarding asymmetric education decisions are not driven by di¤erences in cost distributions.
From the second part of Proposition 7 we know that the unique e¢ cient matching in education levels and the unique e¢ cient matching in education costs are equivalent and describe the same assignment: they both associate the same 'types'
together. The former describes the set of matched pairs in terms of the education costs while the latter does it using education levels. Therefore using the matching is pinned down in terms of primitives of the model and we can identify the e¤ect of changes in on the education decisions, side-tracking the feedbacks between matching and education decisions.
In the absence of asymmetries and given identical education cost distributions, education decisions are the same for both sides of the market. This implies that men and women are equally educated. Introducing each asymmetry in isolation yields a clear cut result. On one hand, a marginal wage gap favoring men generates more educated males because it translates directly into higher relative marginal payo¤s.
On the other, men in short supply yields more educated women. The intuition behind this result is as follows: an increase in is equivalent to having women distributed on a space that is more dense, generating increased competition for females vis-à-vis males. Tougher competition, captured through changes in the matching and hence through the allocated spouse, translates into higher education levels for women.
Proposition 9 For given C f ; C m , let ( ; '; ; v) be an education equilibrium.
1. In the absence of asymmetries (w 0 m (y) = w 0 f (x) 8x = y and = 1), '( (cf)) (cf) = 1 and there is no education gap.
2. If males face higher marginal wages for all education levels, (w 0 m (y) > w 0 f (x) 8x = y and = 1); there exists an education equilibrium ( ; '; ; v) such that
> 1 and males are more educated.
3. If there is a proportional increase in the number of females per male (w 0 m (y) = w 0 f (x) 8x = y and > 1), there exists an education equilibrium ( ; '; ; v) such that ' m ( (cf)) f (cf)
< 1 and females are more educated.
The two asymmetries work in opposite directions: a marginal wage gap favoring men implies they should be more educated while the relative abundance of women provides additional incentives for them. Therefore, the interaction of labor and marriage market incentives is required to explain the decrease and reversal of the education gap, which is a direct consequence of the previous Proposition.
Corollary 10 Balancing out the labor and marriage market incentives the model theoretically reproduces the closing and reversal of the education gap: if w 0 m (' ( (c f ))) ?
The Corollary states the conditions under which labor or marriage market incentives dominate. In this way this static model is able to reproduce the dynamics of the education gap. The relative abundance of females has been stable throughout the time period, generating a latent incentive for women to educate more. However labor market incentives, captured through the marginal wage gap, were so high that they outbalanced the marriage market incentives and generated more educated males. As the marginal wage gap decreased over time, incentives for males receded and marriage market incentives outweighed the labor market ones. During the …nal part of the period women faced higher overall incentives and overcame men in schooling attainment.
Conclusion and Extensions
The interaction between the fact that men are in short supply in the marriage market and higher returns to education for men in the labor market can theoretically repli-cate the decrease and reversal of the education gap. Through comparative statics exercises this one-shot game is able to reproduce the described dynamics in the labor and marriage market. However, since dynamics are not modelled, features such as match dissolution cannot be addressed.
Since Chiappori et al. (2006) propose a complementary source for incentives, it would be interesting to perform a structural estimation of the models to determine the empirical relevance of the proposed explanations, including di¤erences in risk aversion, for example for the di¤erent states in the U.S. The empirical di¢ culty of separately identifying the e¤ect of changes in education costs and bene…ts will
remain.
An possible extension is to introduce frictions in the labor and marriage markets.
In doing so, the wage di¤erential will be endogenized rather than assumed since the continuation value in the labor market depends on the marriage market prospects, which are better for men than women given their relative scarcity. In addition, by introducing frictions, the model will no longer predict unmatched low-education females when the ratio of females to males increases, but rather we would have unmatched females of all education levels.
6 Appendix: Omitted Proofs
Proposition 3
Proof.
1. Lorentz (1953) proved that SPM s is su¢ cient to obtain PAM for the continuous case.
2. In a feasible matching (x) the mass of males equals the mass of females at every education level. Note since the matching is increasing, the feasibility condition (1) implies:
If G m admits a density then it is strictly monotone and hence invertible. There exists a unique matching:
Using the Implicit Function Theorem the derivative is:
> 0
Proposition 4
Expression (2) for a matched couple is
It is easy to see from the maximization problem that a higher education cost implies a lower education decision: ; ' are strictly decreasing. Taking …rst order condition of (7) for a woman we have v 0 f ( (c f )) = c f which implies:
Given condition (6), these expressions can be stated in terms of the exogenous function s as (c f ) = s 1 1 (c f ; (c f )) ; and ' (c m ) = s 1 2 (c f ; (c f )) : Since s is C 2 then the education choice functions are C 1 with derivatives:
Since s is strictly concave the education choice functions are strictly decreasing.
2. Applying the Theorem of the Maximum under Convexity assumptions, V f and V m are continuous and strictly concave.
Proposition 7
1. Recall the Planner's problem (11) . Given that SMP of the surplus function together with strictly increasing education choice functions imply that the matching in costs is also increasing, and by arguments similar to Proposition 3, condition (9) can be rewritten as 1 C f (c f ) = 1 C m ( (c f )) : The de…nition of feasible matching in education costs, and given that C m admits a density and is thus invertible, imply that there exists a unique matching in costs given by expression (10):
Recall that c f ; c m are the cost densities. The matching is strictly increasing and the derivative is given by:
Given that s is continuous and strictly concave (both properties are preserved under integration) and that the constraint is a linear equality (the constraint set is trivially convex), the FOCs are necessary and su¢ cient for a global optima. There is a unique solution to the Social Planner's problem ( ; ; ' ).
Moreover, since the conditions for the Theorem of The Maximum under concavity (Sundaram, 1999) are met: the objective function is continuous and strictly concave and the constraint set is compact and continuous, ( ; ; ' ) are continuous functions. In addition, S (C f :C m ) is continuous and strictly concave.
2. From part 1 a solution to the SP's problem always exists. To show that an e¢ cient equilibrium always exists, we will show that the FOCs of the SP's and decentralized problems are equivalent.
For the decentralized solution let us focus on the female education decision, given the constraints she faces in terms of payo¤s and matching M ax
Note that by Proposition 5 the objective function is continuous and di¤erentiable.
To determine the characteristics of the constraint set, combine the two constraints to get one linear constraint. Hence, the constraint set is trivially compact, convex and continuous. Therefore, the problem is well de…ned.
Substitute the de…nition of feasible bargaining into the objective function and let
x be the multiplier associated to a feasible matching in education levels (5) 
From (6) we know that v 0 m ( (x)) = s 2 (x; (x)) : In addition, since the matching needs to be feasible, the constraint binds and the term in brackets drops out. There-following condition must hold:
v 0 f (x) > c f 8c f and v 0 m (y) > c m 8c m Therefore, rewriting this expression using equation (6) we get s 1 (x; (x) ) > c f and s 2 (x; (x)) > c m : For all agents to fully educate, given c i 2 [0; 1] ; i = m; f , we need the following conditions to hold s i (x; y) > 1 i = 1; 2
The bene…ts of getting full education need to surpass the costs for every possible education cost, in particular, the highest one. Hence, for some parameter con…gurations, there are multiple equilibria 15 .
Note that the previous condition, given the education distribution of agents, is equivalent to the SP's condition for optimality: in some cases it might be an e¢ cient equilibrium for all the agents to fully educate. However, all other individuals fully educating might be the result of lack of coordination, rather than e¢ cient decisionmaking.
Note that all agents getting no education can never be an equilibrium, since the relevant condition would be s i (0; 0) < 0 i = 1; 2; and s is strictly increasing by assumption.
Lemma 8
